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Abstract 

The smallness is proved of etale fundamental groups for arith- 
metic schemes. This is a higher dimensional analogue of the Hermite- 
Minkowski theorem. We also refer to the case of varieties over finite 
fields. As an application, we prove certain finiteness results of repre- 
sentations of the fundamental groups over algebraically closed fields. 

1 Introduction 

The Hermite-Minkowski theorem is a remarkable result in algebraic number 
theory. It says that for a number field F and a finite set S of F, there exist 
only finitely many extensions of F unramified outside S with given degree. 
By Galois theory we can interpret the theorem as the smallness of the Galois 
group Gf,s of the maximal Galois extension of F unramified outside S. In 
general, a profinite group is said to be small if there exist only finitely many 
open subgroups of the group of given index. One of our main results is the 
smallness of etale fundamental groups for arithmetic schemes as follows. 

Theorem (Th. 12.81) . Let X be a connected scheme of finite type and domi- 
nant over the ring of integers Z. Then the etale fundamental group Hi{X) is 
small. Equivalently, there exist only finitely many etale coverings of X with 
given degree. 

On the contrary, non-complete varieties over a finite field, even function 
fields over a finite field in one variable with characteristic p > have so 
many finite extensions that the Hermite-Minkowski theorem no longer holds. 
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In fact, the Artin-Schreier equations produce infinitely many extensions of 
degree p which ramify only at a place. Thus one can hope for the finiteness 
only for extensions of bounded degree with extra conditions, for example, 
fixing discriminants (see [6], Sect. 8.23). In Section [31 we use the funda- 
mental groups with restricted ramification instead of discriminants. More 
precisely, we introduce a certain quotient 7Ti(X, m) of the etale fundamen- 
tal group 71"! (X). It classifies etale coverings of X which allow ramification 
along the boundary according to a given modulus m. Here, the modulus m 
is a collection of moduli associated with curves on X. These coverings have 
the advantage that they are stable under base change, while coverings with 
restricted ramification dealt in [9] are not. We examine the smallness of the 
fundamental group with restricted ramification for varieties over a finite field 
as follows. 

Theorem (Th. 13. 6p . Let X be a variety, proper over a curve defined over a 
finite field. Then 7Tx(X, m) is small for any modulus m on X. 

As an application, in Section H] we prove certain finiteness results of rep- 
resentations of the fundamental groups with restricted ramification over an 
algebraically closed field. In Appendix |XJ we recall the class field theory of 
G. Wiesend [18] with slight modification by making use of the fundamental 
groups with restricted ramification. 

After writing up this paper, it was pointed out by Professor Y. Taguchi 
that one of our main theorems (Th. 12. 8p has been proved by G. Faltings 
([1], Chap. VI, Sect. 2) assuming the scheme X is affine and smooth over Z. 
However there is only a sketch of the proof, and our proof is more systematic 
and simpler than his by virtue of Lemma 12.61 Thus we think that it is 
indispensable to leave Theorem 12.81 be in this paper. 

Throughout this paper, a number field is a finite extension of the rational 
number field Q. We denote by Op the ring of integers of a number field F . 
For any field K, we denote by K a separable closure of K. 

Acknowledgments. The authors are deeply indebted to Professor Yuichiro 
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2 Smallness of fundamental groups 

The aim of this section is to prove the smallness of the etale fundamental 
group for an arithmetic scheme (Th. 12. 8p . First, we interpret the Hermite- 
Minkowski theorem as the smallness of a Galois group as follows. 

Definition 2.1 (cf. [5], Sect. 16.10, or of type (F) in Sect. 4.1 of [IS]). A 
profinite group G is said to be small if there exist only finitely many open 
normal subgroups H with (G : H) < n for any positive integer n. 

For a number field F, the Galois group Gf,s of the maximal Galois ex- 
tension of F unramified outside S is small, where S is a finite set of primes 
of F . This fact is nothing other than the Hermite-Minkowski theorem. 

Remark 2.2. The notion of a small profinite group is used in another mean- 
ing in [13]. These two notions are quite different. For example, a direct 
product of countably many Z/nZ is small in the sense of op. cit., and it is 
not small in our meaning. In general, any countably-based profinite group is 
small in the sense of op. cit. 

Proposition 2.3 ([16J, Chap. Ill, Sect. 4.1, Prop. 8). Let G be a profinite 
group. The following conditions are equivalent: 

(i) G is small. 

(i') There exist only finitely many open normal subgroups H with (G : H) < n 
for any positive integer n. 

(ii) For every finite G-group A, A) is a finite set. 

(if) For every finite group A, the set of continuous homomorphisms Hom(G, A) 
is finite. 

Secondly, we list basic properties of small profinite groups. 

Proposition 2.4 ([3], Sect. 16.10). Let G be a profinite group. 

(i) If N is an open subgroup of G, then G is small if and only if N is small. 

(ii) If G is small and N is a closed normal subgroup of G, then the quotient 
group G/N is small. 

(iii) If G is topologically finitely generated, then G is small. 

Lemma 2.5. If G and G' are small profinite groups, then their free product 
G * G' is also small. 
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Proof. For any finite group A, there is a bijection 

Hom(G * G', A) -> Hom(G, A) x Hom(G', A) 

which maps / : G * G' — > A to the pair (/ | G , / | G /), where / | G and 
/ \g' are the restrictions of / to G and G' respectively. Hence we have the 
assertion. □ 

The following lemma is a profinite group version of Lemma 5 in [2TJ . We 
can prove it by the same method, namely by employing the theory of "variety 
of groups". Here we prove this by purely profmite group theoretic argument. 
This proof is due to Professor M. Matsumoto. 

Lemma 2.6. Let 1 — ► G' — » G — ► G" — > 1 fc an exact sequence of profinite 
groups. If G' and G" are small, then so is G. 

Proof. Let S be the set of open normal subgroups N oi G (we write it as 
N <G) with {G : N) < n. For each N e S, we have G' n N < G' and 
(G' : G' fl AT) < n. Note that G' D N is also normal in G. By taking quotient 
groups, we have an exact sequence 1 — > G'/G 1 fliV — > G/G' C\ N — > G" — > 1. 
By the smallness of G', there are only finitely many possibilities of open 
normal subgroups of G' with the form G' (1 N when iV runs through all the 
open normal subgroups of G with (G : N) < n. Let N[, . . . , Nf. be such open 
normal subgroups of G'. Clearly we have 

r 

S = \J{N<G\(G:N)<n, N- C N} 

8=1 

r 

^{JiN^G/NlKG/N^-.^Kn} 
i=i 

Hence it is sufficient to prove the smallness of G/N- and we may assume G' 
is finite. Let Nq be an open normal subgroup of G with G' fl Nq — 1 (such 
iVo exists since G is Hausdorff and G' is finite). When iV runs through all 
the open normal subgroups of G with (G : N) < n, there exist only finitely 
many possibilities of open normal subgroups of G with the form iV fl iVo by 
Claim [2~71 Since NC\Nq is open in G, this implies that there are only finitely 
many possibilities of such N. Hence G is small. □ 

Claim 2.7. Let 1 -> G' -> G A G" -> 1 &e an exact sequence of profinite 
groups, where G' is a finite group and G" is a small profinite group. For any 
positive integer n there exist only finitely many N < G with (G : N) < n and 

G'nN = i. 
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Proof. For N E S with N D G' = 1, the restriction : X -> <p(iV) of 
92 is an isomorphism and we have (G" : <p{N)) < n. Let iV" be an open 
normal subgroup of G" with (G" : N") < n. By the smallness of G", it is 
sufficient to prove the finiteness of the set S' of N G S with N (1 G' = 1 and 
y?(AQ = AT". For any iV G S', by composing the isomorphism if" 1 : N" — > A" 
and the inclusion A" — > (^ _1 (A^"), we have a section X" — > ip^ 1 {N") to 
<^~ 1 (A ?7/ ) — > AT". This correspondence induces an injection S' — > S", where S" 
is the set of sections N" -> tp- x {N") to <p- x {N") A iV". Now we prove that 
the set S" is finite. Suppose that S" ^ 0. Take a section so : N" — > tp" 1 ^") 
in S". Then we know that any section s : A^" — > ^^(N") in S" factors 
through the semi-direct product G x sq(N") which is a subgroup of <£> _1 (X"). 
Let K be the kernel of the conjugate action N" — ► s (N") — > Aut (G'), 
which is an open normal subgroup of N". Then the restriction to K of any 
section s : N" ^ G x s (N") in S" factors through G x s (K). This is 
completely determined by sq and the projection of s\ K to G'. Since K is 
small, there are only finitely many possibilities of the restriction of sections 
s : N" — > G x s (N") to K. Since K is open in N", we conclude that S" is 
a finite set. □ 

Finally, we prove the following theorem. 

Theorem 2.8. Let X be a connected scheme of finite type and dominant 
over Z. Then the etale fundamental group 7Ti(X) is small. 

To prove the theorem, we recall a homotopy exact sequence of etale fun- 
damental groups. 

Lemma 2.9 (|10j. Lem. 2). Let S be a connected normal and locally Noethe- 
rian scheme with generic point n. Let X be a scheme which is smooth and 
surjective over S and assume that its geometric generic fiber X^ is connected. 
Then the sequence of etale fundamental groups 

is exact. 

Proof of Theorem \2.8i . We shall first reduce to the case in which X is a nor- 
mal scheme smooth over Of of a number field F and the geometric generic 
fiber X-p := X <S>o P F is connected. 

Since the scheme X is Noetherian, we have finite number of irreducible 
components X%, . . . ,X n of X. The natural morphisms X — > X induce a 
morphism UjXj — > X which is an effective descent morphism. By using the 
descent theory ([8], Exp. IX, Th. 5.1), the group 7Ti(X) is a quotient of the 
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group generated by 7Ti(JQ) for all i and finitely many generators. Thus, we 
may reduce to the case X is irreducible by Lemma 12.51 Since we have an 
isomorphism ffi(X) — 7Ti(X re d) for the reduced closed subscheme X re d of X 
(op. cit., Exp. IX, Prop. 1.7), we may assume that X is integral. Let X' — > X 
be the normalization morphism of X. Since X is an excellent scheme, it is a 
finite morphism. By the descent theory (op. cit., Exp. IX, Th. 5.1) again, we 
know that the group tti(X) is a quotient of the group generated by 7ii(X') 
and finitely many generators. By Lemma 12.51 we may assume that X is a 
connected normal scheme. Let F be the algebraic closure of Q in the function 
field of X. Thus, the geometric generic fiber X-p is connected. Since X is 
dominant over Op, it is flat over Op. For any open subscheme U of X, there 
exists a surjective homomorphism 7Tl(Z7) — > tti(X). Therefore, shrinking X 
if necessary, we may assume that X is smooth over Spec(0p). 

Let S be the image of X by the structure morphism X — > Spec(CV) . Since 
X is flat over Op, the set S is open in Spec(Op). Note that the complement 
of S is the finite set since Op is a Dedekind domain. By Lemma [2T9l we have 
the following exact sequence: 

The fundamental group ffi(S) is small by the Hermite-Minkowski theorem 
and 7Ti(Xp) is topologically finitely generated ([7j, Exp. II, Th. 2.3.1). Hence 
tti(X) is small by Lemma [2.61 □ 

Remark 2.10. The same argument works for a connected scheme X of finite 
type over a local field k with characteristic 0. Since the group 7ri(Spec(A;)) is 
known to be topologically finitely generated, so is iri(X). 

3 Fundamental groups with modulus 

The notion of coverings with restricted ramification defined in [9j is not stable 
under base change even if our attention restricts to tame covers (cf. [I?], 
Exam. 1.3). In this section, we shall introduce the notion of a covering with 
modulus which is a slight modification of G. Wiesend's tame coverings (|19j). 
They are stable under base change and form a Galois category. 

An arithmetic scheme is an integral separated scheme which is flat and of 
finite type over Z. A variety X over a finite field k is an integral separated 
scheme of finite type over k. A curve on X is an integral closed subscheme of 
dimension 1. Following op. cit., we assume that X is an arithmetic scheme, 
or a variety over k. For any curve C on X, let k(C) be the function field of 
C, C the normalization of C and C the regular compactification of C , that 
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is, the proper curve which contains C as an open subscheme and is regular 
outside C. 

Definition 3.1. For every curve C on A, a modulus mc on C is an effective 
Weil divisor on C supported in the boundary C \ C of C, that is a formal 
sum mc = J2p£c^c mp P' whose coefficients mp are non- negative integers. 
A modulus m = (mc)ccx on A is a collection of moduli mc associated with 
curves C on X. 

Let m be a modulus on X and let 7Ti(X, m) denote the quotient of 7Ti(X) 
by the closed normal subgroup generated by the images of the mp-th ramifi- 
cation subgroups Gp p of Gp := Gal(k(C)p/k(C)p) in the upper numbering 
for each curve C on X and P E C \ C, where k(C)p is the completion of 
k(C) at P G C\C. The group 7i"i(A, m) is the fundamental group associated 
with the Galois category of the coverings with modulus m defined as follows: 

Definition 3.2. (i) Let K be a complete discrete valuation field, G^- the 
absolute Galois group of K and L a separable extension field of K. For any 
rational number m > —1, we say that the ramification of L/K is bounded 
by m if G 1 ^ C Gl, where G]} is the m-th ramification subgroup of Gk in the 
upper numbering. 

(ii) For each curve C on X, a finite etale morphism C' —>■ C is called a 
covering of C with modulus mc = J2p m pP ^ the extension of complete 
discrete valuation fields k(C')p>/k(C)p is ramification bounded by mp for 
each PgC\C and for each prime P' of A;(C") over P. 

(iii) A finite etale morphism Y — > X is called a covering of X with modulus m 
if for every curve C on X and for each irreducible component C' oi C x x Y , 
the induced morphism C' — > C is a covering of C with modulus mc- 

Remark 3.3. Because of the theorem of Zariski-Nagata on the purity of the 
branch locus (cf. [8], Exp. X, Th. 3.1), our modulus m = (mc)ccx might has 
infinitely many non- zero Weil divisors mc- 

Choose a point P G X and take a geometric point £ : Spec(fi) — > P, 
where Q is a separably closed extension of the residue field at P. We define 
a fiber functor F by F(Y) = Honix(Spec(f2), Y) for any covering Y — >• X of 
A with modulus m. 

Lemma 3.4. The category of coverings of X with modulus m together with 
the fiber functor F is a Galois category. The associated fundamental group 
is isomorphic to 7ti(X, m). 
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Proof. Let Y 1: Y 2 — > X be coverings with modulus m, and C a curve on X. 
The covering Cx x (Yi x x Y 2 ) — > C has modulus mc by Lemma 2.2 of [5]. 
Thus, the category of coverings of X with modulus m closed under fiber 
products. Let Y\ —* Y 2 and Y 2 — ► X be two finite etale morphisms such 
that the composite Yi — > X is a covering with modulus m. Then the cover 
Y 2 — > X has modulus m by Lemmas 2.2 and 2.4 of op. cit. The last assertion 
follows from the definition of a covering with modulus m. □ 

The notion of the coverings above is stable under base change as follows: 
For a morphism of finite type / : X' — > X and any modulus m = (mc)ccx 
on X, we put /*m := (ttic')ccx', where mc' = J2p> m P'P' is the modulus on 
C defined as follows: If /(C) is a curve C on X, then xxic' '■= f*vcic, namely 
mpi = epi/pmp for f(P') = P, where epi/p is the ramification index of the 
extension k(C')p> /k(C)p. On the other hand, if /(C) is a closed point of X 
then put m C i := 0. 

Lemma 3.5. We have a homomorphism 7Ti(X', /*m) — > 7Ti(X, m). 

Proof. Let K — > X be a covering of X with modulus m and C a curve on 
X'. It is enough to show the induced covering Fx^X'^X' of X' has the 
modulus /*m = (xtic')ccx'- If /(C) is a closed point on X, it is a separable 
base field extension and unramified. If /(C) is a curve C on X, it is a base 
change of C Xx ^ ~ * C which has modulus mc- Thus, the induced covering 
C XxY C is bounded by the modulus vcic'- □ 

Now, we examine the smallness of fundamental groups with modulus. 
The fundamental group vr 1 (X, m) is a quotient of tti(X). Thereby it is small 
for an arithmetic scheme X by Lemma \2A\ (ii) and Theorem 12.81 When X 
is a variety over k, we need the assumption on X as in [T5], Theorem 1, (c) 
(we recall it in the Appendix, cf. Th. IA.4I) . 

Theorem 3.6. Let X be a variety, proper over a curve defined over k. Then 
7Ti(X, m) is small for any modulus m on X . 

To prove the theorem, we shall use the following notation and lemmas: 
For two moduli m = (m c )c and m' = (m' c ) c on X, we write m' > m if all 
the coefficients mp and m' P of moduli mc and m' c on C satisfy m' P > mp for 
each curve C on X. Thereby we have a surjection 7Ti(X, m') — > vri(X, m). 

Lemma 3.7. Lei / : X — » 5 be a smooth and of finite type morphism 
over k from X to a normal variety S with generic point rj. Assume that 
the geometric generic fiber X^ is connected and the map f has a section 
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s : S — > X . Then, for any modulus m on X there is a modulus m' > m on 
X such that the sequence of fundamental groups 



is exact. 

Proof. For each curve C on S 1 , its image s(C") of the section s : 5 — > X is 
a curve on X. Therefore we have s*m = (vn. s tc'))c'czS- By Lemma I3~5"| the 
section s : 5 — > X induces a homomorphism 7Ti(S, s*m) — >■ 7Ti(X, m). Take a 
modulus m' on X with m' > m, m' > f*s*m and satisfying = m s (c) for 

each curve C" on S 1 . Thus we obtain /3 : 7Ti(X, m') — > iri(S, n). By Lemma I2~9l 
we have the following commutative diagram 

^pg ► 7n(X) ► 7n(5) ► l 



tti(X,) 7ri(X,m') 7n(5,s*m) > 1, 

whose top row is exact. Therefore /3 is surjective, and (3oa = 0. To prove the 
exactness of the bottom row, we must show that for any connected covering 
X' —>■ X with modulus m' which admits a section over X^, there exists a 
connected covering S' — > S 1 with modulus s*m such that I' = Ix s S'. By 
the exactness of the top row of the above diagram, we obtain a finite etale 
cover 5" — ► S with X' = X x$ S'. The definition of the modulus s*m on S 
implies the covering S' — > 5 has modulus s*m and the assertion follows from 
it. □ 

Lemma 3.8 ([20], Lem. 15). Let X be a variety over k with dimension > 0. 
Assume that X is proper over a curve which is defined over k. Then Stale 
locally (in fact, finite etale and Zariski locally), there is a projective smooth 
morphism from X to a regular variety W over k with geometrically irreducible 
fibers of dimension 1 which possesses a section s : W — > X . 

Proof of Theorem \3.6\ By the descent theory for etale fundamental groups, 
we may assume that the variety X is normal. Now, we shall prove the Theo- 
rem by induction on the dimension d of X. The case of d = 1 is well-known 
(cf. (6], Th. 8.23.5), so we assume d > 1. By Lemma 13751 there exist a finite 
etale morphism X' X, regular variety W over k, and a proper smooth mor- 
phism X' — > W with geometrically irreducible fibers of 1-dimension which 
admits a section s : W — > X' . Take the connected component U' of X' which 
contains the image of the section s and denote the induced morphism by 
i : U' —>■ X . Since the function field of U' is a finite extension field of that of 
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X, the natural homomorphisms it\(U') — > iti{X) and 7Ti(U', i*m) — > 7ii(X, m) 
have finite cokernel. Thus, we may assume X = X'. Let rj be the generic 
point of W. Since the geometric generic fiber X^ is irreducible, we have the 
following exact sequence by Lemma [3TT1 for some moduli m' > m on X: 

n(Xfj) -> m(X,m') -> 7n(W,s*m) -> 1. 

Because Xfj is proper, 7Ti(X^) is topologically finitely generated ([8], Exp. X, 
Th. 2.9). The induction hypothesis says that ttx(W, s*m) is small. Thus, the 
assertion follows from Lemma [231 and the surjection 7Ti(X, m') — > 7Tx(X,m). 

□ 

Remark 3.9. It is known that the tame fundamental groups for curves over 
a finite field are topologically finitely generated. By the same manner as in 
the proof of the above theorem, for a variety X over a finite field which is 
proper over a curve, we can prove that the tame fundamental group 7r* ame (AT) 
is also topologically finitely generated. 

4 Application to representations of fundamen- 
tal groups 

Throughout this section, let k be an algebraically closed field. We always 
consider the general linear group GL d (k) as a topological group with the 
discrete topology. First, we assume that its characteristic is 0. As an appli- 
cation of the Hermite-Minkowski theorem, the following finiteness of Galois 
representations over k is obtained (for the geometric version of this result, 
see p], Th. 4 (i)): 

Theorem 4.1 ([TJ, see also [T2] . Th. 1). Let F be a number field. For 
any positive integer d, there exist only finitely many isomorphism classes of 
continuous semisimple representations p : Gp —> GLd(k) with bounded Artin 
conductor. 

By using the fundamental groups with modulus defined in Section [3] in- 
stead of the Artin conductor, the theorem above is equivalent to the finite- 
ness of representations of the fundamental group 7Ti(Spec(Oi?),m), where m 
is a modulus on the spectrum Spec(Cir) of Op. Generalizing this, we have 
the following theorem. Here, we consider the modified group tti(X, m), the 
quotient of tti(X, m) which classifies coverings with modulus in which, in 
addition, every M-valued point of X splits completely. 
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Theorem 4.2. Let k be an algebraically closed field with characteristic 0. 

(i) Let X be a regular arithmetic scheme. For any positive integer d and 
any modulus m on X there exist only finitely many isomorphism classes of 
semisimple continuous representations p : 7Ti(X, m) — > GL^(k). 

(ii) Let X be a regular variety, proper over a curve defined over a finite 
field k. For any positive integer d and any modulus m on X , there exist 
only finitely many isomorphism classes of semisimple continuous geometric 
representations p : 7Ti(X, m) — > GL d (k). 

Proof. It is sufficient for the proof of (i) (resp. (ii)) to show that there are 
only finitely many possibilities of open normal subgroups of 7Ti(X, m) which 
appear as the kernels of semisimple continuous (resp. continuous geometric) 
representations p : 7Ti(X, m) — > GL^(k) since there exist only finitely many 
isomorphism classes of irreducible representations of a finite group over k 
(cf. [3], (21.25)). 

Let p : 7Ti(X, m) — > GL d (k) be a continuous (geometric) semisimple rep- 
resentation. By Jordan's theorem (cf. [17] . Chap. VI, Sect. 24, Th. 3) there 
exists an open normal subgroup N of 7fi(X, m) containing the kernel Ker(p) 
of p such that N/Ker(p) is abelian and that (tti(X, m) : N) < J(d), where 
J(d) is a positive integer depending only on d. Since 7?i(X, m) is small, 
there exist only finitely many such N. Let / : X' —>■ X be the Galois cov- 
ering corresponding to N. Then there exists a surjective homomorphism 
7Ti(X', m') — > N for the modulus m' := /*m on X' and it induces a surjection 
ffi(X',m') ab -> iV ab . 

In the case (i), iV ab is finite by Corollary IA.31 Since N/ Ker(p) is abelian, 
the commutator subgroup of N is contained in Ker(p). This proves the 
assertion (i). 

In the case (ii), iV ab is not finite in general. Now we identify Ker(p) 
with the image of Ker(p) in iV ab . Let k' be the algebraic closure of k in 
the function field of X. Since p is geometric, the restriction of the canonical 
surjection iti(X, m) — > 7Ti(Spec(/c')) = Gk> to Ker(p) is also surjective. Then 
we have the following commutative diagram: 

► tt^X',™')^ 00 ► Tnp^m')* > G k > ► 

► jV^b.geo > jyab y > Q 

In the above diagram, tti(X', m') ab ' gco (resp. jV ab ' geo ) is the kernel of the 
surjective homomorphism 7Ti(X',m') ab — > Gk> (resp. N ah Gk>)- Since 
ir 1 (X',m') ab N ah is surjective, we see that vr^X', m') ab ' geo -> X ab ' geo is 
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surjective. Hence jV ab,geo is finite by Corollary IA.5I Thus there are only 
finitely many possibilities of (Ker(p)) geo for each N, where Ker(p) geo := 
Ker(p) n iV ab ' geo . Note that Ker(p) is the direct summand of (Ker(p)) gco 
and Gk>- Hence there are only finitely many possibilities of open normal sub- 
groups of 7Ti(X, m) appearing as Ker(p) for each N. This proves the assertion 
(ii). □ 

Next, assume the characteristic of k is p > 0. In this case, H. Moon 
and Y. Taguchi proved the finiteness of mod p Galois representations with 
solvable images over k both for the number field case and for the function 
field case ([12], Th. 2, Th. 4 (ii)). For the function field case, the finiteness 
has been obtained in almost all the cases by G. Bockle and C. Khare (see 

0)- 

Theorem 4.3. Let k be an algebraically closed field with characteristic p > 0. 

(i) Let X be a regular arithmetic scheme. For any positive integer d and 
a modulus m on X there exist only finitely many isomorphism classes of 
semisimple continuous representations p : 7Ti(X, m) — > GL d (k) with solvable 
images. 

(ii) Let X be a regular variety, proper over a curve defined over a finite 
field k. For any positive integer d and any modulus m on X , there exist 
only finitely many isomorphism classes of semisimple continuous geometric 
representations p : 7Ti(X, m) — > GL^(k) with solvable images. 

We use the finiteness of 7fi(X, m)/7fi(X, m)^ for an arithmetic scheme 
X, where tti(X, m)M is the r-th commutator subgroup of ~K\ (X, m) defined 
below. 

Definition 4.4. For any topological group G and non-negative integer r, 
define the r-th commutator subgroup G^ of G by the topological closure of 
the commutator subgroup [G^*" -1 ', G^*" -1 '] in G^ 1 ^ for r > 1, and G^°> := G. 

Lemma 4.5. Let X be a regular arithmetic scheme. For any integer r > 1, 
7Ti(X, m)/7Ti(X, m)( r ) is finite. 

Proof. In the case of r = 1, the assertion follows from Corollary IA.3I By 
induction on r, we may assume that vfi(X, m)/7Ti(X, m)^'~ 1 - ) is finite. Take a 
Galois cover / : X' — > X corresponding to 7Ti(X, m)^. We have a surjection 
7Ti(X', m') — > tt\{X, m)^ for the modulus m' := /*m on X', and it induces a 
surjection 

^(X'XV^X',™')^ -> ^(X,m) (1) /^i(X,m) (r) . 

Thus the assertion follows from the hypothesis and the finiteness of 7Ti(X, m) ab : 
^i(X,m)/?i : i(X,m)«. □ 
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Proof of Theorem \4-3\ (i) For any group G, the solvability class of G is the 
minimal integer i > such that = 1. Note that every solvable subgroup 
G of GL,i(k) has solvability class < s = s(d), where s := s(d) is a positive 
integer depending only on d ([IT]. Chap. V, Sect. 20, Th. 8). Thus every 
continuous representation p : 7Ti(X, m) — > GLd(k) with solvable image fac- 
tors through the quotient group of 7Ti (X, m) by tt i (X, m) W . Note that this 
quotient group is finite by Lemma 14.51 Thus the assertion (i) follows. 

(ii) Let p : iri(X, m) — > GL^(k) be a continuous geometric representation. 
By a theorem of Mal'cev-Kolchin (cf. (T7J, Chap. V, Sect. 19, Th. 7) and the 
structure of GL d (k) (cf. [TT], Sect. 3), there exists a series of open normal 
subgroups 

NiD N 2 D N 3 D - --D N r = Ker(p) 

of 7Ti(X, m) such that (tti(X, m) : iVi) < J'(d) and Ni/N i+ i is abelian for any 
1 < i < r — 1. Here, J'(d) is a positive integer depending only on d and r 
is bounded in terms of d. There are only finitely many possibilities of Ni by 
the smallness of tti(X, m). Since Ni/N i+ i is abelian for each 1 < i < r — 1, 
we can prove by the same argument as in Theorem 14.21 (ii) that there are 
only finitely many possibilities of iVj+i for each iVj. By induction on i, there 
are only finitely many possibilities of open normal subgroups of 71"! (X, m) 
appearing as Ker(p). □ 



A Class Field Theory 

We recall the class field theory of G. Wiesend [18] and restate it by using the 
fundamental groups ni(X, m) ab defined in Section El We keep the notation 
of Section [3l Let X be an arithmetic scheme, or a variety over a finite field 
k. We denote by X the set of closed points of X. For any curve C onl, 
let Coo be the set of closed points P in C \ C and the infinite places of k(C) 
if k{C) is a number field (cf. op. cit., Sect. 2). 
For each curve C onl, there is a natural map 

k(C)*-I 5 := 0Z© fc(C)* 
Pec -Pec- 
defined by the normalized valuations corresponding to P £ C and the inclu- 
sions of &(C) into its completions k(C)p for P £ Coo. Define the class group 
Cx associated with X by the cokernel of the induced homomorphism 

0*(C7)*-0I 5 - 0Z0 k (cr P . 

ccx ccx Pex ccx PcCoo 
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The topology of the direct sum and the quotient topology make this an 
Abelian topological group. A canonical continuous homomorphism 

p : C x - 7n(X) ab 

defined as follows {op. cit, Lem. 2): For each closed point P G X , class 
field theory of finite fields gives Z — ► Z ~ 7r i(-P) ~~ > 7ri(X) ab . For any 
curve C on X and P G C^, we have a continuous homomorphism k(C) p — ► 
7Ti(Spec(fc(C)p)) ab — > 7T!(X) ab by local class field theory Then global class 
field theory shows the homomorphism defined above factors through Cx- 
Thus we have p : Cx — > 7Ti(X) ab . 

Let m be a modulus on X (Def. 13.11) . For each curve Con I and P G 
C \ C, we denote by L r p F the mp-th higher unit subgroup 1 + irip p of 
k(C)p, where mp is the maximal ideal corresponding to P. We make the 
notational convention Up := k(C) p and mp := 1 for the archimedean local 
fields k(C)p = R, C. 

Definition A.l. For a modulus m on X, the ray c/ass group Cx(ttl) witt 
modulus m is the quotient of Cx by the images of 

: = ^r- 

The group Cxiya) carries the quotient topology. 

For each curve C on X and P G C\C , we have the following commutative 
diagram by local class field theory: 

Up p > {Gf) mp 

C x — ^ vn(X) ab ► 7r 1 (X,m) ab , 

where Gp := Ga\{k{C)p/k{C)p). We also consider the modified group 
7Ti(X, m) ab , the quotient of ^(X, m) ab which classifies those coverings in 
which, in addition, every R- valued point of X splits completely. Note that, 
we have 7Ti(X, m) ab = vri(X, m) ab for a variety X over k. By the very defini- 
tion of 7Ti(X, m), the composite Cx — > 7ri(X) ab — > 7fi(X, m) ab factors through 
Cx(tn). Thus the map p : Cx — > 7Ti(X) ab induces a natural homomorphism 
p m :C x (m) ^7n(X,m) ab . 

One of the main theorems in [TH] is the following: 
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Theorem A. 2 (op. cit., Th. 1 (a)). Let X be a regular arithmetic scheme. 

(i) The map p : Cx — » vri(X) ab is surjective. 

(ii) The kernel of p is the connected component C x of in Cx- 

(iii) Any closed subgroup ofCx which contains C x is the pre-image of a closed 
subgroup of 7i"i (X) ab . 

(iv) The map p induces a bisection between open subgroups of 7ri(X) ah and 
those ofCx- 

Corollary A. 3. The map p m : Cx(tn) — > 7Ti(X, m) ab is an isomorphism of 
finite abelian groups. 

Proof. Let iVbea closed subgroup of 7Ti(X) ab corresponding to the image H 
of lAxiya) in Cx/C x by Theorem IA.21 (iii). We have the following commuta- 
tive diagram 

► H ► C x /C° x ► C x (m) > 



> N > 7ii{X) ah ► ^(X,m) ab > 0, 

where p is induced by p. Theorem IA.2I says that p is bijective. Thus, the 
induced map p m is also bijective. To prove the finiteness of these groups, we 
may take a sufficiently large modulus m. Then Cx(tn) carries the discrete 
topology. Since the compact group tti(X, m) ab equals the discrete group 
Cx(tn), both are finite. □ 

For the geometric case, we need to assume that the variety is proper over 
a curve which is defined over a finite field. However, the classical theory of 
curves over a finite field is naturally included. 

Theorem A. 4 (op. cit., Th. 1, (c)). Let X be a regular variety, proper over 
a curve which is defined over k. 

(i) The image of the map p : Cx — ► 7ri(X) ab consists of those elements 
of 7ri(X) ab whose images in 7Ti(Spec(fc)) = Gk are integral powers of the 
Frobenius. 

(ii) The kernel of p is the connected component C\ of in Cx- 

(iii) Any closed subgroup ofCx which contains C\ is the pre-image of a closed 
subgroup o/7Ti(X) ab . 

(iv) The map p induces a bijection between open subgroups of 7Ti(X) ab and 
those of Cx which have nontrivial image in Cs pec (k) — 
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Corollary A. 5. (i) The map p m : Cxiyci) — > iti(X, m) ab is injective and has 
dense image. 

(ii) The kernel ir^X, m) ab ' geo of tt^X, m) ab -> 7Ti(Spec(£;)) ab ~ Z /mite. 

Proof, (i) We can prove the assertion by the same manner as in the proof of 
Corollary \KM 

(ii) By the proof of Theorem lA.4l we have the following commutative diagram 











ab,geo 



C x 

p 



^x) 



ab 



z 



z 



-> 



-> o, 



where and 7r 1 (X) ab,geo are defined by the exactness of the corresponding 
rows and p geo is surjective. Thus, we have 











C x (m¥ co 



tti(X, m ) ab ' geo 



Cx(ra) 



tti(X, m) 



ab 



z 



z 



-> 



-> 



with a bijection p^°. Since the compact subgroup iri(X, m) ab ' geo equals the 
discrete subgroup Cx(tn) geo , both are finite. □ 

Remark A. 6. We can show that the finiteness of 7Ti(X, m) ab ' geo for a normal 
variety X over a finite field without the assumption "X is proper over a 
curve". In fact, it is sufficient to show the surjectivity of pf^° : Cx(m) gco — * 
tti(X, m) ab ' geo . This fact is reduced to the density theorem of S. Lang and 
the finiteness of 7r 1 (X) ab,geo as follows. We have the following commutative 
diagram 

Z , Cx (m) 

Pex 



mix) 



ab 



7Ti(X, m 



, ab 



where the left vertical map is defined by mapping 1 to the Frobenius element 
at P G Xo. By approximation, the top horizontal homomorphism is surjec- 
tive and p has dense image. Thus, p m also has dense image. Consider the 
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following commutative diagram: 

U° P /U™ P > C x (mr° > c x (or° > 

CCX P£Caa 

{G P h )°/{G P h ) mp > 7ri(X,m) ab ' seo ► 7r 1 (X,0) ab '» BO ► 0. 

ccx PeCac 

Since it\{X, 0) ab ' geo is finite ([15], Th. 7.4) the map Pq GO is surjective and pp 
is bijective by local class field theory. Thus, is surjective. 
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